Proton-nucleus collisions, where the beam proton gets excited to the delta resonance and then decays to pπ + , either inside or outside the nuclear medium, are studied. Cross-sections for various kinematics for the (p,p ′ π + ) reaction between 500 MeV and 1 GeV beam energy are calculated to see the effects of the nuclear medium on the propagation and decay of the resonance. The cross-sections studied include proton energy spectra in coincidence with the pion, four momentum transfer distributions, and the invariant pπ + mass distributions. We find that the effect of the nuclear medium on these cross-sections mainly reduces their magnitudes. Comparing these cross-sections with those considering the decay of the delta outside the nucleus only, we further find that at 500 MeV the two sets of cross-sections have large differences, while by 1 GeV the differences between them become much smaller.
INTRODUCTION
In the description of nuclear reactions at intermediate energy, in addition to nucleons and pions, deltas play an important role. Because of this, there has been great interest over the years in the study of the delta-nucleus interaction [1] . Experimentally, since the delta is a spin-isospin excitation of the nucleon, it is readily excited in charge-exchange reactions such as (p,n) and ( 3 He,t). Measurements of inclusive spectra on ejectiles in these reactions show broad bumps with large cross-sections around 300 MeV excitation in all targets ranging from 12 C to 208 Pb [2] . These excitations correspond to the excitation of a nucleon in the target to a delta isobar. They are, therefore, capable of exploring delta-nucleon hole (∆N −1 ) excitations in nuclei and thereby the collective aspects of these modes.
Another class of intermediate energy reactions, such as (p,∆ ++ ), are those where the ∆ appears as one of the final reaction products. In these reactions the measurements can be done directly on the delta or its decay products. They are, therefore, well suited to investigate delta dynamics in the continuum and the transition interaction pp → n∆ ++ . The presence of a delta in these reactions can be inferred either by measuring the recoiling nucleus, as in the pioneering experiment on the 6 Li(p, ∆ ++ ) 6 He reaction at Saturne [3] , or the ejectile nucleus on proton targets, as in the experiments on p( 3 He,t)∆ ++ and p( 12 C, 12 B)∆ ++ reactions carried out at Saturne and Dubna [2, 4] . These kind of experiments, however, can only be performed on few nuclei as the ejectile nucleus is required to be stable or sufficiently long lived. Theoretical analyses of these reactions, which consider the delta as a stable elementary particle, show that this reaction proceeds in one step and the measured crosssections can be adequately described in the framework of the distorted-wave Born approximation (DWBA) [5] . It has also been found that, due to the very large momentum transfer (∼ beam momentum) involved in the excitation of the bound nucleon in the target to the delta in the continuum in the final state, the 'target excitation' in the (p,∆ ++ ) contributes little [6] . Yet another way to study the (p,∆ ++ ) reaction is to detect the ∆ directly by measuring its decay products p and π + . This procedure has the great advantage that the experiment can be performed on any target nucleus. Furthermore, by choosing a different energy of the outgoing delta we can vary the energy transfer to the nucleus, and thereby explore its spin-isospin response at different excitations. Experiments on (p,p ′ π + ) are now being done at TRIUMF with the availability of dual magnetic spectrometers [7] . For analyzing these reactions, it is necessary to develop a formalism which, unlike earlier work, incorporates the unstable nature of the delta and includes the effect of the nucleus on its propagation and on the decay products p ′ and π + . In this work we present such a formalism. Then using it, we calculate various cross-sections which can be measured on the (p,p ′ π + ) reaction. We study the effects on these reactions of the nuclear distortion of the delta. We compare these cross-sections with those calculated with the delta decaying outside the nucleus only. This comparison determines the region of applicability of the latter model, where the calculations can be done with much ease and where the delta-nucleus interaction can be explored without the complicating effects due to the pπ + interaction with the nucleus. The reaction mechanism which we follow for the (p,p ′ π + ) reaction is shown in fig. 1 . Accordingly, the incoming proton interacts with a nucleon at some point r and is converted into a delta. The target nucleon, to provide one unit of spin and isospin to the beam proton, undergoes a spin and isospin flip. It also gets accelerated by a momentum corresponding to the excitation energy (≈300 MeV) of the delta. The delta then propagates from the point r to r ′ , where it decays into a proton and pion. The decay point r ′ may lie inside or outside the nucleus. During this propagation, the delta interacts with the nuclear medium and suffers distortion. The incoming proton and the decay products p ′ and π + get distorted by the nuclear medium before reaching the point r and in propagating out of the point r ′ , respectively. In our formalism, we include all these distortions through appropriate optical potentials. The formalism itself is written following Gottfried and Julius [8] , who, among several other workers [9] , have studied the effect of the nuclear medium on the decay of a ρ -meson.
For the elementary process pp → n∆ ++ in the above mechanism we have used the one-pion-exchange potential. We have not included the contribution from the ρ exchange for this excitation. The reason for this omission is that attempts to include ρ exchange in the pp → n∆ ++ reaction have yielded very unsatisfactory results. A detailed study by Jain and Santra [10] and earlier work by Dmitriev et al. [11] both showed that the experimental data on the spin averaged cross-sections for this reaction are better reproduced by the one pion-exchange interaction alone. The inclusion of rho-exchange worsens this agreement. This means that either the strength of the ρN∆ coupling, f ρN ∆ , is considerably weaker than what is usually assumed, or some additional amplitude tends to cancel the contribution from the rho. A recent theoretical study on the microscopic analysis of the ρN∆ vertex due to Liu and Haider [12] , in fact, suggests that the value of f ρN ∆ is much smaller.
In Section 2 we present the formalism in detail. Sections 3 and 4 contain results, discussion and the conclusions. Since the contribution of the delta decay inside the nucleus depends upon the beam energy and the size of the nucleus we have done calculations at 500 MeV and 1 GeV for 12 C and 208 Pb. In general, our findings are that (i) around 1 GeV and for lighter target nuclei the calculated cross-sections do not differ greatly from those which consider the decay of the delta only outside the nucleus, and (ii) the deltanucleus interaction mainly reduces the magnitude of the cross-sections.
FORMALISM
The differential cross-section for the A(p,p ′ π + )B reaction is given by
where [PS] is the factor associated with phase space and the beam current,
Here j is the beam current and m is the mass of the proton. P x denotes the four momentum. In the centre of mass system, j is given by
where √ s is the available energy in the centre of mass system and p c is the c.m. momentum in the initial state. T f i in eq. (1) is the transition amplitude. The angular brackets around its square denote the appropriate sum and average over the final and initial spins, respectively.
Transition Amplitude, T f i
For the diagram in fig. 1 , the transition amplitude can be written as
where Γ ∆N π is the decay operator for the delta decaying into pπ + . In momentum space and in a non-relativistic static approximation, it is given by
where S and T are the spin and iso-spin transition operators respectively for
. κ is the pion momentum in the delta rest frame. Because the final pion is on-shell ( if we neglect the effect of distortions on it), the above form for Γ ∆N π does not contain the usual form factor F * . G ∆ (r ′ , r) is the delta propagator. It satisfies the inhomogeneous wave equation
where m ∆ (=1232 MeV) and Γ ∆ are the resonance parameters associated with the free delta. The width of the free delta, Γ ∆ , depends upon the invariant mass according to
with Γ 0 =120 MeV and γ=200 MeV. µ is the invariant mass given by
In equation (7) k, for an on-shell pion, is given by
This relation reflects the restrictions on the available phase space for the decay of a delta of mass µ into an on-shell pion of mass m π (=140 MeV). Π ∆ in the Green's function, eq. (6), describes the collisions of the delta with the medium. In the mean field approximation, it is related to the delta optical potential, V ∆ , through
One of the important channels which contribute significantly to this potential is ∆N→NN. ψ ∆ (r) in eq. (4) is the amplitude for the production of the delta at a point r. It is given by
Here Γ πN ∆ is the operator for the excitation of the beam proton to the delta, and Γ πN N is the interaction operator at the πNN vertex in the nucleus. Like Γ ∆N π , their forms are,
and
with f * π and f π the coupling constants for the πN∆ and πNN vertices. Their values are 2.156 and 1.008, respectively. F * and F are the form factors associated with these vertices. They incorporate the off-shell extrapolation of the pion-nucleon coupling vertex. t is the four momentum transfer (squared). However, for the "projectile excitation" diagram, if we ignore the nuclear recoil, it is the same as the three momentum, q, squared.
χ p in eq. (4) is the distorted wave for the beam proton. In this paper we will consider beam energies above 500 MeV. We use the eikonal approximation for this and the other continuum particles (viz. ∆, p ′ and π + ). This implies that the main effect of the nuclear medium on these waves is absorptive, and the dominant momentum components in them are their asymptotic momenta. Because of this, and also because the interaction V N N →N ∆ in the region of t of the present studies is known to depend weakly on the momentum transfer q [5] , the evaluation of ψ ∆ (r) simplifies. In the case of closed shell nuclei we find
Here the angular brackets around Γ πN N represent its expectation value over the nuclear spin-isospin wave functions. ρ βα (r) is the spatial part of the nuclear transition density. The momentum transfer, q, is given in terms of the asymptotic momenta of the continuum particles as
Substituting ψ ∆ from eq. (14) in eq. (4), we get
where
In the last evaluation we have used the identity
To evaluate
we define, for convenience, a function
This function physically gives the probability amplitude for finding a proton and a pion in the detector with the total momentum,
and the invariant mass µ if the delta is produced at a point r in the nucleus. The wave equation for this new function can be obtained from eq. (6) by multiplying it on both sides by χ
π and integrating over r ′ . This gives
Eq. (22) for F f i then becomes
To proceed further, as mentioned earlier, we treat all the continuum waves in the eikonal approximation. We write
where the distortion functions D and Φ are slowly varying functions of z, the coordinate taken along the beam momentum, k p . We have evaluated these distortion functions along k p .
where V p is the optical potential for the beam proton. The function Φ, whose dependence on k ∆ and µ will henceforth be suppressed for brevity, is obtained from eq. (25). With the eikonal approximation this simplifies to
is the propagator for the free delta. The solution of eq. (30) gives
where,
and,
Here, as we see, Φ ∆ describes the propagation of the delta from z to its decay point z ′ . f(b, z ′ ) describes the same for the decay products, p ′ and π + , of the delta from z ′ to the detectors. Eq. (30) for Φ(b, z) thus gives the probability amplitude for detecting p ′ π + in the detector when the delta is distorted by the medium from its production point z to its decay point z ′ and the decay products p ′ and π + are distorted from z ′ to the detectors. The delta dynamics implicit in Φ(b, z) become more transparent if we consider a nucleus with distorting potentials having a sharp surface. For a radius R of this surface, we can split the "distorted" delta propagator Φ into two parts, i.e.
These two functions, as we see, describe respectively the contributions to the cross-section from the decay of the delta inside and outside the nuclear medium. The relative contribution of these two regions, as seen from eq.(33) for Φ ∆ (b; z, z ′ ), is determined by the intrinsic decay length,
of the delta. Due to this factor, the delta, in travelling a distance,
from its production point z to the nuclear surface, gets attenuated by a factor exp(−L(b, z)/τ v ∆ ). This attenuation, as is obvious, decreases with an increase in the delta (hence the beam) momentum and its life time. Consequently, the ratio, Φ in /Φ out → 0, as the beam momentum, k p → ∞ and/or τ → ∞.
In case there is no distortion by the nuclear medium, Φ can be shown to be independent of (b,z) and reduce to the free delta propagator, i.e.
The effect of the nuclear field on the delta and its decay products, as is obvious from here, results in the modification of this mass distribution, and through it, the modification of other experimental observables associated with p ′ and π + . For no distortions, eq. (17) for the transition amplitude integral, F f i , simplifies to
is the nuclear transition density in momentum space. This expression demonstrates that, apart from G 0 (or its nuclear modified version), F f i and the cross-sections are determined by the nuclear transition density.
RESULTS AND DISCUSSION
The results presented here are motivated by two aims: (i) to see how these results compare with those in a model which considers the decay of the delta only outside the nucleus, and (ii) to see the extent to which the delta distortions affect the cross-sections. Since the outcome of both these investigations depends on the speed of the delta in the nucleus and the distance it travels through the nucleus, we present calculations for 500 MeV and 1 GeV beam energies and for 12 C and 208 Pb target nuclei. The specific cross-sections which we calculate are the four momentum transfer distributions, invariant mass spectra of pπ + and the proton energy spectra in coincident p and π + measurements.
INPUT QUANTITIES
The calculations require the following quantities as input: (i) the pionnucleon coupling constants and form factors at the vertices; (ii) the resonance parameters of the delta; (iii) the nuclear transition density, ρ βα , and (iv) the optical potentials for protons, pion and delta. The pion coupling and the delta resonance parameters have already been given in Section 2. These parameters reproduce the scattering data on the pπ + → pπ + [13] reaction. For the form factors F and F * , we have used the mono-pole form,
with Λ=1.2 GeV/c for both the vertices. For nuclear transition densities we have used forms which reproduce electron scattering data. Since in the present paper our emphasis is not on the investigation of nuclear structure effects on the (p,p ′ π + ) cross-sections, this choice of transition densities should be adequate. For 12 C we take,
and for 208 Pb we choose,
where ρ 0 is fixed by the appropriate normalization of the density. Other parameters are taken from the electron scattering analyses compilations by Jackson and Barrett and De Jager et al. [13] . They are:
a=1.247, b=1.649 fm; c=6.54 fm, d=0.5 fm.
For optical potentials, since we expect their effect to be mostly absorptive at intermediate energies [15] , we use only their imaginary parts. For pions we fix them using the method of Ericson and Hüfner [16] , which is valid around the delta resonance. In this method, the strength of the optical potential is obtained from the refractive index, n, of the pion in the nuclear medium, where
Here n I is the imaginary part of the refractive index and K is the pion wave number in the nuclear medium. The latter is obtained by solving the dispersion relation
where f πN is the π−N scattering amplitude in the nuclear medium in the forward direction. Considering that the pion scattering is dominated by p-wave scattering, the expression for π + scattering from a nucleus with N neutrons and Z protons is
A Breit-Wigner resonant form for the amplitude f 33 gives
with
Here n 0 is the nuclear density, and a=1.24 fm. The dispersion relation given in eq. (47) is equivalent to an optical potential approach, if the latter is defined through the folding of the π-N t-matrix with the nuclear density. Tandy et al. [17] have shown that such optical potentials contain nucleon knock-out as the primary reactive content. Therefore, the main contribution to n I (E) in eq. (49) is the nucleon knock-out (π + , π + N) channel. However, in addition to this, the pion flux can also be lost through real absorption of the pion in the nuclear medium. The dominant channel which contributes to such an absorption is ∆N → NN. We have approximated this contribution to the pion optical potential by
where Γ s is the spreading width. We take Γ s =70 MeV from the delta-hole model of pion absorption [18] . The factor g is added to account for the fact that the (p,p ′ π + ) reaction is a peripheral reaction. This factor represents the fraction of the central nuclear density in the region where this reaction takes place. We have chosen g=0.7. The resulting pion optical potentials are listed in Table I. For protons, the distorting potentials beyond 300 MeV are obtained using the high energy ansatz,
where σ pN T is the total proton-nucleon cross-section at the proton speed, v, in their c.m. The values for the total cross-section are taken from the experimental data on proton-nucleon scattering [19] . The radial shapes, ρ(r)/ρ(0), of the potentials are taken to be the same as those given in eqs. (43, 44) , with n 0 =0.17 fm −3 . Below 300 MeV the potentials are taken from those available in the literature from the analyses of elastic scattering data of protons on 12 C at various energies [20] . The radial shape for these potentials is the two parameter Woods-Saxon form. The optical potentials for 208 Pb are taken of the same form except that the radius parameter for it is enhanced in proportion to A 1/3 . On delta optical potentials, not much information exists. For T ∆ ≤100 MeV we make recourse to the delta-hole model of Hirata et al. [18] and take W ∆ =-45 MeV. For higher energies, as for protons, we make the high energy ansatz as given in eq. (54). Here, however, for obtaining σ ∆N T first we write it as a sum of the elastic and the reactive parts, σ
Then assuming that the spin averaged elastic dynamics of the proton and delta are not very different, we assume σ
el . For the reactive part, since up to about 1.5 GeV the main reactive channel in ∆N scattering is ∆N→ NN, using the reciprocity theorem we write
where k N N is the proton c.m. momentum corresponding to the same energy as is available in the ∆N c.m. An extra factor 1/2 is introduced to account for the identity of two particles in the final state. Using the experimentally known cross-sections for the pp→ n∆ ++ reaction [21] , the resulting delta optical potentials at representative energies are also listed in Table I .
CALCULATED CROSS-SECTIONS
In figs. 2-3 we show the four momentum transfer distributions for 12 C at 500 MeV and 1 GeV beam energies. Theoretically, the cross-sections are calculated by integrating eq.(59) over the delta mass between 1120 -1300 MeV. Experimentally, these cross-sections can be obtained either by measuring the four momentum of the recoil nucleus or the four momenta of the decay products, p ′ and π + , of the delta. Results in figs. 2-3 have three curves. The curve 'a' corresponds to a situation where we assume no nuclear distortion of continuum particles. These are the plane wave (PW) results. Curve 'b' includes the distortion of the beam proton and the propagating delta. This curve, therefore, corresponds to a situation when the delta is assumed to decay always outside the nucleus. Curve 'c' includes, in addition, the nuclear distortion of p ′ and π + . From these curves it is evident that dσ/dt, at both energies, can get modified in a major way by nuclear distortions. However, at 1 GeV the main modifications in the PW curves arise due to proton and delta distortions; at 500 MeV distortion of the outgoing proton and pion is equally important. We also notice that at higher energy the main effect of the distortions is the reduction in the magnitude of the cross-sections. At lower energy distortions also fill in the minima in the dσ/dt distributions. Quantitatively, the peak cross-section at 1 GeV gets reduced by a factor of about 6 due to the beam proton and delta distortions and by an additional factor of 3/2 due to p ′ and π + distortions. At 500 MeV the corresponding factors are about 2 and 3 respectively.
In figs. 4-5 we display the calculated invariant mass (µ) distributions for the decay products, p ′ and π + , of the delta. The results again are given for 500 MeV and 1 GeV beam energies and the delta going in the forward direction. For an isolated delta these distributions should peak around 1230 MeV. In our results, all the distributions are shifted towards a lower mass. At 1 GeV the peak appears around 1200 MeV, while at 500 MeV it appears around 1150 MeV. Since this shift appears in the PW results also, it is caused primarily by the nuclear transition density, ρ βα . The distortion of the continuum particles controls the magnitude of the cross-sections. The quantitative reduction in the peak cross-sections at both energies are similar to those seen earlier in the four momentum transfer distributions. This again means that at 1 GeV the additional effect of the p ′ and π + distortion is not much, while at 500 MeV it is of the same magnitude as that due to the beam and delta distortions.
Since the inclusive measurements normally tend to have large background, it is sometimes preferable to make exclusive measurements, though the crosssections in these measurements are smaller. In figs.6-7 we show the calculated proton energy spectra for the coincident measurements of the decay products, p ′ and π + . As an example, the results are given for the two particles being produced at 10 0 on either side of the beam direction. In these results we again find that at 1 GeV the dominant effect arises due to the distortion of the beam and delta. The distortion of p ′ and π + has a small effect. At 500 MeV, on the other hand, the distortions of all the continuum particles have equal effect.
To see the dependence of the above results on nuclear size we have calculated distributions for a 208 Pb target. Since for this nucleus we find that the calculated cross-sections are very small at 500 MeV beam energy, only 1 GeV results are shown. In figs. 8-9 we display the calculated invariant mass distribution and the out-going proton energy spectrum for the coincident p ′ and π + measurements. Unlike the 12 C results, here we find that, even at 1 GeV, the effect of p ′ and π + distortion is as important as that of the beam proton and delta. Furthermore, the distortions here not only reduce the magnitude of the cross-sections, they also change their shapes. The plane wave invariant mass distribution, which previously had three peaks, has only one peak when all the distortions are included.
Finally, In fig. 10 -11 we present some results to isolate the effect on the measured cross-sections due to the delta-nucleus interaction alone, and also to see the effect of the real part of its potential on the cross-sections. As an illustration we show dσ/dµ for 12 C at 500 MeV and 1 GeV. The results are shown for three situations. Curves 'a' include no delta distortion, 'b' include only the imaginary part, W ∆ , of V ∆ , and 'c' includes both real and imaginary parts of V ∆ . The beam, p ′ and π + distortions are included in all the curves. However, unlike earlier curves, these distortions now include the effect of their real potentials (U) also. From the comparison of various curves in these figures, we find that the effect of the delta-nuclear collisions does get reflected in the final results to a significant extent. At 1 GeV, the term W ∆ suppresses the peak cross-section by about 30 %, while at 500 MeV this suppression factor is 50 %. The effect of U ∆ on the cross-sections, however, is not much. At 1 GeV its effect on the magnitude of the cross-sections is within 10 %, while at 500 MeV it is insignificant. Inclusion of U ∆ also does not lead to any perceptible shift in the peak position of the invariant mass distributions.
The real parts of the optical potentials for protons and deltas in the above figures are fixed using the same procedure as given earlier for their imaginary parts. For pions, like the imaginary part, they are obtained through the real part of its refractive index, i.e.
Conclusions
In conclusion, for the (p,p ′ π + ) reaction, proceeding through a delta excitation in the intermediate state,
(i) around 1 GeV beam energy and in lighter target nuclei (like 12 C), the cross-sections obtained in a model, which considers the delta decay only outside the nuclear medium, are not significantly different from those obtained in a model which also includes the delta decay inside the nuclear medium. At lower energies (∼ 500 MeV) and/or for heavier nuclei (like 208 Pb) the situation is different. The calculated cross-sections in two models can differ significantly in magnitude as well as shape.
(ii) The distortion of the delta by the nuclear medium yields a suppression of the magnitude of the measured cross-sections. The peak position of the invariant mass and other distributions remain uneffected by it.
(iii) The peak positions in the invariant mass and other distributions are determined by the range of momentum transfer involved and the nuclear transition density. Compared to an isolated delta, the peak positions in the µ-distributions get shifted towards lower mass. At 1 GeV this shift is small (µ peak -1232 ≈30 MeV), while at 500 MeV it is large (µ peak -1232 ≈80 MeV).
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The authors wish to thank the referee and Prof. J. T. Londergan for many useful comments and their assistance in improving the presentation of the paper. Figure Captions 6. The outgoing proton energy distribution in the (p,p ′ π + ) reaction for a co-planar geometry, θ p ′ = 10 0 and θ π = −10 0 . The beam energy is 500 MeV and the target is 12 C. The description of various curves is the same as in fig. 2. 7. The outgoing proton energy distribution in the (p,p ′ π + ) reaction for a co-planar geometry, θ p ′ = 10 0 and θ π = −10 0 . The beam energy is 1 GeV and the target is 12 C. The description of various curves is the same as in fig. 2. 
Invariant mass distribution at 1 GeV beam energy for
208 Pb. θ ∆ = 0 0 . The description of various curves is the same as in fig. 2. 9. The outgoing proton energy distribution in the (p,p ′ π + ) reaction for a co-planar geometry, θ p ′ = 10 0 and θ π = −10 0 . The beam energy is 1 GeV and the target is 208 Pb. The description of various curves is the same as in fig. 2 , except that the cross-sections in curves 'a' and 'b' are shown after dividing them by factors of 100 and 10, respectively. 10. Sensitivity of the invariant mass distribution at 500 MeV beam energy to the distortion of the delta in the nuclear medium. The target nucleus is 12 C and θ ∆ = 0 0 . Curve 'a', no delta distortion. Curve 'b', delta distortion with only imaginary part, W ∆ , of its potential. Curve 'c', delta distortion with imaginary as well as real part of its optical potential. All curves include the distortion (including the real part of their potentials) of beam, p ′ and π + .
11. Sensitivity of the invariant mass distribution at 1 GeV beam energy to the distortion of the delta in the nuclear medium. The target nucleus is 12 C and θ ∆ = 0 0 . Description of different curves is the same as in fig. 10 .
